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PERVERSE COHERENT SHEAVES (AFTER DELIGNE)
ROMAN BEZRUKAVNIKOV
Abstract. This note is mostly an exposition of an unpublished result of
Deligne [D], which introduces an analogue of perverse t-structure [BBD] on
the derived category of coherent sheaves on a Noetherian scheme with a du-
alizing complex. Construction extends to the category of coherent sheaves
equivariant under an action of an algebraic group; though proof of the general
statement in this case does not require new ideas, it provides examples (such
as sheaves on the nilpotent cone of a semi-simple group equivariant under
the adjoint action) where construction of coherent “intersection cohomology”
sheaves works.
1. Introduction
Let X be a reasonable stratified topological space; or let X be a reasonable
scheme, stratified by locally closed subschemes. Let D be the full subcategory in,
respectively, derived category of sheaves on X , or in the derived category of etale
sheaves on X , consisting of complexes smooth along the stratification.
For an integer-valued function p (perversity) on the set of strata Beilinson, Bern-
stein and Deligne [BBD] defined a t-structure on the category D; the objects of cor-
responding abelian category (core of the t-structure) are called perverse sheaves.
The question addressed in this note is whether an analogous construction can
be carried out for the derived category of coherent sheaves on a reasonable scheme.
Surprisingly, the answer is positive (with some modifications), easy, and not widely
known (though was known to Deligne for a long time, see [D]).
Let us summarize the difference between the coherent case considered here, and
the constructible case treated in [BBD].
First, in the coherent case we can not work with complexes “smooth” along
a given stratification, for the corresponding subcategory in Db(Coh) is not a full
triangulated subcategory. (If f is a function whose divisor intersects the open stra-
tum, then the cone of the morphism O
f
→ O has singularity on the open stratum).
This forces us to define perversity as a function on the set of generic points of all
irreducible subvarieties, i.e. on the topological space of a scheme.
The second, more essential difference is that in the derived category of coherent
sheaves the functor j∗ of pull-back under an open imbedding j does not have adjoint
functors. Recall that in constructible situation the right adjoint to j∗ is the functor
j∗ of direct image, and the left adjoint is the functor j! of extension by zero. In
coherent set-up the functor j∗ is defined in the larger category of quasi-coherent
sheaves (Ind-coherent sheaves), while j! is defined in the Grothendieck dual category
introduced in Deligne’s appendix to [H] (consisting of Pro-coherent sheaves).
It turns out, however, that in the proof of the existence of perverse t-structure
one can use instead of the object j!(F) (where j : U →֒ X is an open imbedding)
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any extension F˜ of F to X , such that the restriction of F˜ to X−U has no cohomol-
ogy above certain degree (depending on the perversity function). If the perversity
function is monotone (see Definition 3 below) it is very easy to construct such F˜ .
Applying the Grothendieck-Serre duality to this construction, we get a substitute
for j∗(F), which exists if the perversity function is comonotone. Otherwise the
proof is parallel to that in [BBD].
Thus the t-structure is constructed not for an arbitrary perversity function, but
only for a monotone and comonotone one. (In the topological situation one also
needs this condition to get a t-structure on the whole derived category of con-
structible sheaves, rather than on the category corresponding to a fixed stratifica-
tion.)
In [D] Deligne used the Grothendieck’s Finiteness Theorem ([SGA2], VIII.2.1) to
show that the formulas for τp≤0, τ
p
≥0 of [BBD], a’priori making sense in a larger cat-
egory containing Db(Coh), give in fact objects of Db(Coh), provided the perversity
function is monotone and comonotone (see also Remark 3).
The results on the existence of a “perverse” t-structure carry over to the case of
G-equivariant coherent sheaves, where G is a (reasonable) algebraic group acting on
a (reasonable) scheme. In this case perversity p(x) must be assigned only to points
x of the scheme, which are invariant under the connected component of identity of
G, as an equivariant sheaf is anyway “smooth along the orbits.”
Although the general formalism for the equivariant category is very similar to
the non-equivariant one (to the extent that we found it easier not to treat the two
cases separately), there is one construction which works in the equivariant case
only. Namely, the definition of the minimal (Goresky-MacPherson, or IC) exten-
sion functor j!∗ works only when the perversity function is strictly monotone and
comonotone. Though formally the proof of this statement works both in the equi-
variant and non-equivariant (=equivariant with trivial G) situations, the statement
can be nonempty in the equivariant case only. Indeed, it is easy to see, that a
strictly monotone and comonotone perversity function exists only if G acts on the
scheme with finite number of orbits, and dimensions of two adjacent orbits differ
at least by two. If this is the case, an obvious analogue of the usual desciption
of irreducible perverse sheaves as minimal extensions of local systems is valid, and
the core of the t-structure is Artinian (in contrast with the core of the standard
t-structure). An example of this situation is provided by the nilpotent cone of a
semi-simple algebraic group over a field of characteristic zero, equipped with the
adjoint action (see Remarks at the end of the note).
The exposition would probably look better (and work in greater generality) if the
notion of a stack was used; however, my ignorance confined me to the language of
equivariant sheaves (rather than the equivalent language of sheaves on the quotient
stack).
It should be quite clear from the above that this paper does not contain original
results of the author.
Acknowledgements. I am much obliged to Pierre Deligne for valuable expla-
nations, and for a kind permission to use his unpublished results.
I thank Dima Arinkin, Alexander Beilinson, Victor Ginzburg, and Dmitry Pa-
nyushev for discussions and references.
3Quite separately, I express my deepest gratitude to Leonid Positselskii: without
his participation in the early stages of the work it might never have been done.
This work was started in the spring of 1999 when the author was a member at
the Institute for Advanced Study. I thank IAS for excellent work conditions, and
NSF grant DMS 97-29992 for financial support.
2. Preliminaries
In this section we collect some standard Lemmas needed in the exposition. The
reader familiar with basic algebraic geometry certainly will not need our proofs.
Let X be a scheme over a base scheme S; we denote the category of coherent
(respectively, quasi-coherent) sheaves on X by CohX , QuasiCohX (or simply Coh,
QuasiCoh if confusion is not likely). Let G be an affine group scheme over S, acting
on X .
We will assume that S is Noetherian, X , G are of finite type over S, and S admits
a dualizing complex (in the sense of [H] §V.2); the structure morphism fG : G→ S
is assumed to be flat of finite type and Gorenstein (i.e. f !G(OS) is locally free).
The category of G-equivariant coherent (respectively, quasi-coherent) sheaves on
X is denoted by CohGX , QuasiCoh
G
X . The forgetful functor Forg : QuasiCoh
G →
QuasiCoh has the right adjoint Av : F 7→ a∗pr∗F , where pr : G × X → X and
a : G×X → X are respectively the projection and the action. (Here Av stands for
“averaging”.) Since G is affine and flat, Av is exact, and the canonical morphism
F → Av(F) is an injection. Hence QuasiCohG has enough injectives, because
QuasiCoh does.
Lemma 1. Any G equivariant quasi-coherent sheaf F on X is the union of its
G-equivariant coherent subsheaves.
Proof Let a : F → O(G) ⊗O(S) F denote the coaction. For a coherent (pos-
sibly non-equivariant) subsheaf F0 ⊂ F let FG0 ⊂ F be the preimage under a
of O(G) ⊗O(S) F0. Then one readily checks that F
G
0 is an equivariant coherent
subsheaf, and that
⋃
F0
FG0 = F .
Corollary 1. For ? = b, or − the category D?(CohG) is equivalent to the full
subcategory of D?(QuasiCohG) consisting of complexes with coherent cohomology.
Proof It suffices to check that for a bounded above complex F• of equivariant
quasicoherent sheaves, whose cohomology is coherent, the set of quasiisomorphic
equivariant coherent subcomplexes in F• is nonempty and filtered under inclu-
sion; and that any equivariant coherent subcomplex in F• lies in an equivariant
coherent quasiisomorphic subcomplex. This follows from Lemma 1 by a standard
argument. Namely, let Zi,Bi ⊂ F i denote, respectively, the kernel and the image
of the differential. We construct by descending induction in i a coherent equivari-
ant subsheaf F ic ⊂ F
i satisfying the two properties: d(F ic) = F
i+1
c ∩ B
i+1; and
(F ic ∩ Z
i)։ Zi/Bi = Hi. If we are given a coherent subcomplex G• ⊂ F• we can
choose F ic to satisfy also F
i
c ⊃ G
i.
We will denote the full subcategories in D+(QuasiCoh), D+(QuasiCohG) con-
sisting of complexes with coherent cohomology byD+c (QuasiCoh),D
+
c (QuasiCoh
G)
respectively.
Corollary 2. Let U ⊂ X be an open G-invariant subscheme. For any F ,G ∈
Db(CohG(U)) and a morphism f : F → G there exist F˜ , G˜ ∈ Db(CohG(X)), and a
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morphism f˜ : F˜ → G˜, such that f˜ |U ∼= f . For any two F˜ ′, F˜ ′′ ∈ Db(CohG(X)) and
an isomorphism f : F˜ ′|U ∼= F˜
′′|U there exists F˜ ∈ D
b(CohG(X)), and morphisms
f ′ : F˜ ′ → F˜ , f ′′ : F˜ ′′ → F˜ such that f ′|U , f ′′|U are isomorphisms, and f ′′|U ◦ f =
f ′|U .
Proof Let F• be a finite complex of equivariant quasicoherent sheaves on X ,
such that cohomology of C•|U is coherent. A construction similar to the one used
in the proof of Corollary 1 shows that the set of coherent equivariant subcomplexes
F•c ⊂ F
•, such that imbedding of F•c |U →֒ F
•|U is quasiisomorphism, is nonempty
and filtered under inclusions. Moreover, any equivariant coherent subcomplex in
F• lies in such a subcomplex. The statement follows.
We will write Xtop for the topological space of a scheme X . If x ∈ Xtop is a point
of X (respectively Z ⊂ X is a locally closed subscheme), then ix : {pt} →֒ X
top
(respectively iZ : Z →֒ X) will denote the imbedding.
We will use the same notation for a functor on an abelian category and its derived
functor. In particular, for x ∈ Xtop the functors i∗x : D
?(Coh) → D?(Ox −mod),
and i!x : D
+(QuasiCoh) → D+(Ox − mod) are derived of respectively an exact,
and of a left exact functor. The functor i!X factors through the derived category
of torsion Ox modules, and has finite homological dimension (because so does the
functor j∗ where j is an open imbedding in a Noetherian scheme).
Everywhere below we will assume that Coh has enough locally free objects. Also,
dealing with equivariant categories, we will assume that CohG has enough locally
free objects.
Then both in D(Coh) and in D(CohG) internal Hom (denoted by Hom) can
be computed as derived functor in either of the two variables, and commutes with
the forgetful functor from the equivariant to the nonequivariant category; also for a
(G-equivariant) morphism f : Z → X the coherent pull-back functor f∗ is defined
in both categories and commutes with forgetful functor.
Lemma 2. Let Z ⊂ X be a locally closed (G-invariant) subscheme, and n be an
integer. Let x ∈ Xtop be a generic point of Z. Then
a) For F ∈ D−(CohG) we have i∗x(F) ∈ D
≤n(Ox−mod) iff there exists an open
(G-invariant) subscheme Z0 ⊂ Z, Z0 ∋ x, such that i∗
Z0
(F) ∈ D≤n(CohGZ0);
b) For F ∈ D+c (QuasiCoh
G) we have i!x(F) ∈ D
≥n(Ox−mod) iff there exists an
open (G-invariant) subscheme Z0 ⊂ Z, Z0 ∋ x, such that i!Z0(F) ∈ D
≥n(CohGZ0).
Proof Existence of an open (G-invariant) subscheme Z0 ⊂ Z as in (a) is equiv-
alent to i∗xi
∗
Z(F) ∈ D
≤n((OZ )x −mod). (Indeed, if the last equality holds, then we
can let Z0 be the complement in Z to support of Hk(i∗Z(F)), k > n; the converse
is obvious.)
We can rewrite i∗xi
∗
Z(F) = i
∗
x(F)
L
⊗OxO(Z)x. Since the functor of tensor product
with O(Z)x over Ox is right exact, and kills no finitely generated Ox modules by
the Nakayama Lemma, we see that the top cohomology of i∗x(F)
L
⊗Ox O(Z)x and
of i∗x(F) occur in the same degree. This proves (a).
Similarly, the second condition in (b) says that i!xi
!
Z(F) = i
∗
xi
!
Z(F) ∈ D
≥n((OZ)x−
mod) (the equality here is, of course, due to the fact x is generic in Z). We
rewrite i!xi
!
Z(F) = RHomOx(O(Z)x, i
!
x(F)), and see that the lowest cohomol-
ogy of i!x(F) and of RHomOx(O(Z)x, i
!
x(F)) occur at the same degree, because
5HomOx(O(Z)x, ) is left exact, and kills no torsion module, while cohomology of
i!x(F) is a torsion Ox-module.
Lemma 3. Let i : Z →֒ Xtop be imbedding of a closed G-invariant subspace.
a) (cf. e.g. [H], Theorem V.4.1) For any F ∈ D−(CohG), G ∈ D+(QuasiCohG)
we have
Hom(F , i∗i
!(G)) = lim−→ ZHom(F , iZ∗i
!
Z(G)),
where Z runs over the set of closed G-invariant subschemes of X with the underlying
topological space Z.
b) If F ∈ Db(CohG) is such that the cohomology sheaves Hi(F) are supported
on Z, then there exists a closed G-invariant subscheme Z ⊂ X, Ztop = Z, such
that F ∼= iZ∗(FZ) for some FZ ∈ CohG(Z).
Proof a) Let us represent F by a bounded above complex PF of locally free
coherent equivariant sheaves, and G by a bounded below complex IG of injective
quasicoherent equivariant sheaves. If I is an injective object of QuasiCohG(X),
and Z ⊂ X is a closedG-invariant subscheme, then i!Z(I) ∈ QuasiCoh
G(Z) is injec-
tive; hence locally free equivariant sheaves on X are adjusted to Hom( , iZ∗i
!
Z(I)).
Thus RHom(F , iZ∗i!Z(G)) = RHom(i
∗
Z(F), i
!
Z(G)) is computed by the complex
Hom•(PF , iZ∗i
!
Z(IG)). On the other hand, RHom(F , i∗i
!(G)) is computed by the
complex Hom•(PF , i∗i
!(IG)), as i∗i! sends injective objects of QuasiCoh
G into in-
jective ones. We have i∗i
!(IG) =
⋃
ZiZ∗i
!
Z(IG); and also Hom
•(PF , i∗i!(IG)) =⋃
ZHom
•(PF , iZ∗i
!
Z(IG)), because PF is a bounded above complex of coherent
sheaves. This implies the Lemma.
b) The category QuasiCohG
Z
(X) of G-equivariant quasi-coherent sheaves sup-
ported on Z has enough injectives; moreover they are also injective as objects of
the larger category QuasiCohG(X) (this follows from the corresponding statement
for non-equivariant sheaves, since Av preserves sheaves supported on Z). Hence
(see e.g [H], Proposition I.4.8) F is quasiisomorphic to a finite complex of quasi-
coherent sheaves supported on Z. As in the proof of Corollary 1 we can represent
this complex as a union of quasiisomorphic equivariant coherent subcomplexes; any
such subcomplex is supported on a closed subscheme Z, Ztop ⊂ Z.
Definition 1. An equivariant dualizing complex onX is an object DCG ∈ Db(CohG),
such that every F ∈ Db(CohG) is DC-reflexive, i.e. the natural transformation
F → Hom(Hom(F ,DC),DC) is an isomorphism.
Lemma 4. F ∈ Db(CohG) is an equivariant dualizing complex iff Forg(F) is a
dualizing complex.
Proof The ’if’ direction is clear because Hom commutes with the forgetful
functor. The ’only if’ follows from [H], Proposition V.2.1, which says, in particular,
that if the structure sheaf O is DC reflexive, then DC is a dualizing complex. Since
O obviously lies in the image of the forgetful functor, we see that Forg(DCG) is a
dualizing complex.
Proposition 1. In the above assumptions X admits an equivariant dualizing com-
plex.
Proof According to [BBD], Theorem 3.2.4 an object of the derived category of
sheaves on a cite can be given locally provided negative local Ext’s from the object to
itself vanish. Applying it to the covering G×X → X in the cite of flat G-schemes
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over X , we see that it is enough to provide an isomorphism π∗(DC) = a∗(DC)
(here that π : G ×X → X , and a : G ×X → X are the projection and the action
maps), satisfying an associativity constraint on G × G × X . Since fG : G → S is
Gorenstein, the sheaf f !G(OS) is invertible; the group structure on G provides then
a canonical isomorphism f∗G = f
!
G (as follows e.g. from Remark in [H], pp 143-
144). Hence π∗(DC) = a∗(DC) are both canonically isomorphic to f !G×X(DCS),
which provides the desired isomorphism. The associativity constraint follows from
functorial properties of f !.
Remark 1. Suppose that we make an additional assumption that the structure
morphism X → B is equivariantly embeddable, i.e. can be presented as a com-
position X
ι
→֒ X˜ → B, where X˜ is a smooth B-scheme with a G-action, and ι
is a G-equivariant closed imbedding (the Sumihiro embedding Theorem [Su] (see
also [KKLV]) guarantees that this assumption is satisfied if S is the spectrum of
an algebraically closed field of characteristic 0, and X is a normal quasiprojective
variety). Then the Proposition becomes evident, for we can set DCGX
def
= ι!(Ωtop
X˜
),
the definition of ι! for a closed imbedding being straightforward.
3. Perverse coherent sheaves
3.1. Construction of the t-structure. We keep the assumptions of section 2.
Not to repeat the same argument twice, we treat the equivariant case from the very
beginning; the reader willing to restrict to the non-equivariant case should just let
G be the trivial group (and skip 3.2 as containing no non-empty statement).
We change the notations. From now on Coh, QuasiCoh will denote the category
of G-equivariant coherent (respectively, quasicoherent) equivariant sheaves on X .
Also Xtop will denote a subset in the topological space of the scheme X , consisting
of generic points of G-invariant subschemes; we will endow Xtop with the induced
topology. Thus Xtop maps to the topological space of S, and for s ∈ S the fiber
over s is the set of points of Xs which are invariant under the component of identity
in Gs.
We will say that x, y ∈ Xtop are equivalent (and write x ∼ y) if x ∈ G(y) (i.e.
if x ∈ Ztop ⇐⇒ y ∈ Ztop for a G-invariant subscheme Z ⊂ X). The set of
equivalence classes Xtop/ ∼ is identified with the set of points of the stack X/G.
According to Proposition 1, X has an equivariant dualizing complex; we fix one,
denote it by DC. This choice defines the codimension function d on (all) points of
X , which is determined by the condition that i!x(DC) is concentrated in homological
degree d (see [H], §V.7). We set dim(x) = −d(x); if, say, X is of finite type over a
field, we can (and will) assume that dim(x) is the (Krull) dimension of the closure
of x. Notice that dim(x) = dim(y) for x, y ∈ Xtop, x ∼ y.
Let τstand≤n : D
?(Coh) → D≤n(Coh), τstand≥n : D
?(Coh) → D≥n(Coh) be the
truncation functors with respect to the usual t-structure on D?(Coh). (Here ? =
+,− or b.)
Let p (perversity) be an integer-valued function on Xtop, constant on equivalence
classes.
We define the dual perversity by p(x) = − dim(x) − p(x).
Definition 2. We define Dp,≤0 ⊂ D−(Coh), Dp,≥0 ⊂ D+c (QuasiCoh) by:
F ∈ Dp,≥0 if for any x ∈ Xtop we have i!x(F) ∈ D
≥p(x)(Ox −mod).
F ∈ Dp,≤0 if for any x ∈ Xtop we have i∗x(F) ∈ D
≤p(x)(Ox −mod).
7Lemma 5. a) D(Dp,≤0) = Dp,≥0.
b) Let iZ : Z →֒ X be a locally closed (G-invariant) subscheme. Then p defines
the induced perversity pZ = p ◦ iZ : Ztop → Z. We have:
i∗Z sends D
p,≤0 to DpZ ,≤0; i!Z sends D
p,≥0 to DpZ ,≥0;
c) In the situation of (b) assume that Z is closed. Then iZ∗ sends D
pZ ,≤0 to
Dp,≤0, and DpZ ,≥0 to Dp,≥0.
Proof a) One knows from [H], §V.6 that for any F in the bounded derived
category of coherent sheaves we have i!x(D(F)) = HomOx(i
∗
x(F), IOx)[− dim(x)],
where IOx is the injective hull of the residue field of Ox. Since HomOx( , IOx) is
exact and kills no finitely generated Ox module, (a) follows.
b) follows from Lemma 2; in view of this Lemma if F ∈ Dp,≤0, then for any
x ∈ Ztop ⊂ Xtop there exists a subscheme Z ′ ⊂ Z with generic point x, such
that i∗Z′(F) = i
∗
Z′(i
∗
Z(F)) ∈ D
≤p(x)(CohZ′ ), which implies i
∗
Z(F) ∈ D
pZ ,≤0; and
similarly for i!Z(F).
c) is obvious.
Proposition 2. For F ∈ Dp,≤0, G ∈ Dp,>0 we have Hom(F ,G) = 0.
Proof We proceed by Noetherian induction in X ; thus we can assume that the
statement with (X, p) replaced by (Z, pZ) for a closed (G-invariant) subscheme Z (
X is known. (Otherwise replace X by a minimal closed (G-invariant) subscheme
for which it is false).
Fix F ∈ Dp,≤0, G ∈ Dp,>0. Let x be a generic point of X . Using Lemma
2 we find an open (G-invariant) subscheme j : U →֒ X containing x, such that
j∗(F) ∈ D≤p(x)(Coh(U)) and j∗(G) = j!(G) ∈ D>p(x)(Coh(U)). Thus, of course,
Hom(j∗(F), j∗(G)) = 0.
Let i denote the closed imbedding of Xtop−U top into Xtop. Consider the distin-
guished triangle in Db(QuasiCoh): i∗i
!G → G → j∗j∗(G) → i∗i!G[1]. By Lemma
3(a) we see that
Hom(F , i∗i
!G) = lim−→ ZHom(F , iZ∗i
!
Z(G)) = lim−→ZHom(i
∗
Z(F), i
!
Z(G)) = 0,
because i∗Z(F) ∈ D
pZ ,≤0, i!Z(G) ∈ D
pZ ,>0 by Lemma 5b), so Hom(i∗Z(F), i
!
Z(G)) =
0 by the induction hypotheses. This implies the desired equality Hom(F ,G) = 0,
since Hom(F , j∗j∗(G)) = Hom(j∗(F), j∗(G)) = 0.
Definition 3. A perversity function p is
monotone if x′ ∈ x ⇒ p(x′) ≥ p(x);
strictly monotone if x′ ∈ x ⇒ p(x′) > p(x);
(strictly) comonotone if the dual perversity p(x) = − dim(x) − p(x) is (strictly)
comonotone.
Theorem 1. Suppose that a perversity p is monotone and comonotone. Then
(Dp,≤0 ∩Db, Dp,≥0 ∩Db) define a t-structure on Db(Coh).
Proof In view of Proposition 2 we have only to show, that for any F ∈ Db(Coh)
there exists a distinguished triangle F ′ → F → F ′′ with F ′ ∈ Dp,≤0, F ′′ ∈ Dp,>0.
We again proceed by Noetherian induction; thus we can assume that for a closed
(G-invariant) subscheme Z ( X , and F ∈ Db(CohZ) there exists a triangle F ′ →
F → F ′′ with F ′ ∈ DpZ ,≤0(CohZ), F ′′ ∈ DpZ ,>0(CohZ).
It will be convenient to use the following notation (see [BBD], 1.3.9). If D′,
D′′ are sets of (isomorphism classes) of objects of a triangulated category D, then
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D′∗D′′ is the set of (isomorphism classes) of objects of D, defined by the condition:
B ∈ D′ ∗ D′′ iff there exists a distinguished triangle A → B → C with A ∈ D′,
C ∈ D′′. The octahedron axiom implies (see [BBD], Lemma 1.3.10) that the ∗
operation is associative, i.e. (D′ ∗D′′) ∗D′′′ = D′ ∗ (D′′ ∗D′′′). Thus the meaning
of the notation D1 ∗ · · · ∗Dn is unambiguous.
We will make the following abuse of notations: for a category A we will write A
instead of “the set of isomorphism classes of Ob(A)”; and for a functor F : A → B
we will write F (A) instead “image of the map from the set of isomorphism classes
of Ob(A) to that of Ob(B) induced by F”. Then the statement we want to prove
says that
D = Dp,≤0 ∗Dp,>0. (1)
We claim that it is enough to show that
D =
⋃
Z
Dp,≤0 ∗ iZ∗(D
b(CohZ)) ∗D
p,>0, (2)
where Z runs over all (G-invariant) closed subschemes Z ( X . Indeed, by the
induction assumption we know that Db(CohZ ) = D
pZ ,≤0(CohZ ) ∗DpZ ,>0(CohZ).
Thus (2) implies that
D =
⋃
Z
Dp,≤0 ∗ iZ∗(D
pZ ,≤0(CohZ)) ∗ iZ∗(D
pZ ,>0(CohZ)) ∗D
p,>0.
Rewriting the latter expression as⋃
Z
(
Dp,≤0 ∗ iZ∗(D
pZ ,≤0(CohZ))
)
∗
(
iZ∗(D
pZ ,>0(CohZ)) ∗D
p,>0
)
,
and noting that by Lemma 5(c) we have iZ∗(D
pZ ,≤0(CohZ)) ⊂ Dp,≤0, hence
Dp,≤0 ∗ iZ∗(D
pZ ,≤0(CohZ)) ⊂ D
p,≤0 ∗Dp,≤0 = Dp,≤0,
and simlarly for Dp,>0, we get (1).
Let us prove (2). Fix F ∈ D, and a generic point x of X . Let j : G(x) →֒ X be
the imbedding of the closure of G(x) (in particular, if X is irreducible, then j = id).
We set F− = τstand
≤p(x)(j•j
!
(F)). Thus F− ∈ Dp,≤0, because it is supported on G(x),
and p is monotone. Also we have a canonical morphism F− → F . Let F1 be its
cone; then i∗x(F1) ∈ D
>p(x)(Ox −mod).
The dual procedure (in the sense of Grothendieck-Serre duality) gives F+ ∈
Dp,>0, and a morphism f : F1 → F+, such that i∗x(f) is an isomorphism. More
presicely, we set
F+ = D(τstand<p(x)j•j
!
(D(F1))).
Since p is comonotone, we see by Lemma 5(a) that F+ ∈ Dp,>0. Since the
local duality for the Artinian ring Ox is an exact functor ([H], §V.6), we see
that i∗x(D(F1)) ∈ D
≤p(x)(Ox − mod), thus i∗x(DF
+)−˜→i∗x(DF1), and hence also
i∗x(F1)−˜→i
∗
x(F
+).
Thus, if we set F0 = cone(F1 → F+)[−1], then i∗x(F
0) = 0. Hence by Lemma
3(b) we have F0 ∼= iZ∗(FZ) for some closed (G-invariant) subscheme Z ( X , and
an object FZ ∈ D
b(CohZ). So we get
F ∈ {F−} ∗ {F0} ∗ {F+} ⊂ Dp,≤0 ∗ iZ∗(D
b(CohZ)) ∗D
p,>0,
which proves (2).
9Remark 2. Construction of an object F+ ∈ Dp,>0 with given generic fiber (and
with a morphism from a given object) is the only place in this paper, where the
(equivariant) duality formalism is used.
Corollary 3. 1 Let j : U →֒ X be an open subscheme, p : Xtop → Z be a mono-
tone and comonotone perversity, and F ∈ Dp,≥0(Coh(U)). Consider j∗(F) ∈
Db(QuasiCoh(X)), and let n = min
x 6∈Utop
p(x). Then τstand≤n−2(j∗(F)) has coherent co-
homology.
Proof Let F˜ ∈ Db(Coh) be any extension of F (see Corollary 2); replacing F˜ by
τp≥0(F˜) we can achieve that F˜ ∈ D
p,≥0. If Z denotes Xtop − U top, we can consider
the exact triangle iZ∗i
!
Z
(F˜) → F˜ → j∗(F). Since F˜ has coherent cohomology,
it is enough to show that τstand≤n−2(iZ∗i
!
Z
(F˜)[1]) ∈ Db(Coh) as well. However, the
assumption F˜ ∈ Dp,≥0 implies that i!Z(F˜) ∈ D
p,≥0(Z) ⊂ D≥n(CohZ ) for Ztop = Z,
hence i!
Z
∈ D≥n(QuasiCoh), and τstand≤n−2(iZ∗i
!
Z
(F˜)[1]) = 0.
Remark 3. It was pointed out to us by Deligne that Corrolary 3 is equivalent to
the Grothendieck Finiteness Theorem, [SGA2], VIII.2.1.
3.2. Coherent IC-sheaves. We will assume that p is a monotone and comonotone
perversity function. We will denote the core of the t-structure on Db(Coh(X))
constructed in the previous section by P = PX = PX,p.
Lemma 6. Let Z = Ztop0 ⊂ X
top for a closed (G-invariant) subscheme Z0 ⊂ X.
Let F ∈ PX .
a) The following conditions are equivalent:
i) i∗x(F) ∈ D
<p(x)(Ox −mod) for all x ∈ Z.
ii) i∗Z(F) ∈ D
pZ ,<0 for any closed (G-invariant) subscheme Z ⊂ X, Ztop ⊂ Z.
iii) Hom(F ,G) = 0 for all G ∈ P, such that supp(G) ∩Xtop ⊂ Z;
b) The following conditions are equivalent:
i) i!x(F) ∈ D
>p(x)(Ox −mod) for all x ∈ Z.
ii) i!Z(F) ∈ D
pZ ,>0 for any closed (G-invariant) subscheme Z ⊂ X, Ztop ⊂ Z.
iii) Hom(G,F) = 0 for all G ∈ P, such that supp(G) ∩Xtop ⊂ Z.
Proof (a,i) ⇐⇒ (a,ii), follows from Lemma 2 (a). For a closed subscheme
Z and an object G ∈ Db(CohZ) we have Hom(F , iZ∗(G)) = Hom(i∗Z(F),G). If
F ∈ P , then i∗Z(F) ∈ D
pZ ,≤0; however, for an object of any triangulated category
with a t-structure, and an object A ∈ D≤0 we have A ∈ D<0 ⇐⇒ Hom(A,B) = 0
for all B in the core of the t-structure. This shows (a,ii) ⇐⇒ (a,iii). Thus (a) is
proved, and the proof of (b) is similar.
It is convenient to reformulate the conditions of Lemma 6 as follows. Let the
auxilary perversity functions p− = p−(Z), p
+ = p+(Z) be given by p
−(x) = p(x) =
p+(x) if x 6∈ Z, and p−(x) = p(x) − 1, p+(x) = p(x) + 1 if x ∈ Z. Then conditions
(a) of Lemma 6 just say that F ∈ Dp
−,≤0, and conditions (b) say that F ∈ Dp
+,>0.
Theorem 2. Let j : U →֒ X be a (G-invariant) locally closed subscheme, set
p− = p−
(U−U)
, p+ = p+
(U−U)
and define a full subcategory P!∗(U) ⊂ PU by P!∗(U) =
Dp
−,≤0(Coh
U
) ∩Dp
+,≥0(Coh
U
).
1This statement and idea of proof are copied from a message by Deligne to the author. (Possible
mistakes belong to the author).
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Suppose that p(x−) > p(x), p(x′) > p(x) for any x ∈ U top, x′ ∈ x ∩ U
top
,
x′ 6∈ U top. Then j∗ induces an equivalence between P!∗(U) and PU .
The inverse equivalence is denoted by j!∗ : PU → P!∗(U) ⊂ PU , and is called the
functor of minimal (or Goresky-MacPherson, or IC) extension.
Proof The conditions of the Theorem say that both p− and p+ induce monotone
and comonotone perversity functions on U
top
; hence they define t-structures on
Db(Coh
U
). Let τ−, τ+ be the corresponding truncation functors.
We first introduce an auxilary functor J!∗ on D
b(Coh
U
) by J!∗ = τ
−
≤0 ◦ τ
+
≥0.
Lemma 7. a) J!∗ takes values in P!∗(U).
b) If f : F → G is a morphism in Db(Coh
U
), such that j∗(f) is an isomorphism,
then J!∗(f) is an isomorphism.
Proof It is obvious that J!∗(F) ∈ D
p−,≤0; also, if F1 denotes τ
+
≥0(F1), then
we have an the exact triangle τ−>0(F1)[−1] → J!∗(F) → F1. Here certainly F1 ∈
Dp
+,≥0; and also τ−>0(F1)[−1] ∈ D
p−,≥2 ⊂ Dp
+,≥0. This proves (a).
If f is as in (b), then also j∗(J!∗(f)) is an isomorphism. But then J!∗(f) is a
morphism in P!∗(U), such that j∗(f) is an isomorphism; thus its kernel and cokernel
are objects of P
U
supported on U −U . However, Lemma 6 says that J!∗(F), J!∗(G)
have no subobjects or quotients supported on U − U .
Now, using Corollary 2, we see from Lemma 7 that there exists a canonically
defined functor j˜!∗ : D
b(CohU )→ P!∗(U), equipped with an isomorphism j˜!∗ ◦ j∗ =
J!∗. We set j!∗ = j˜!∗|PU . Then it is clear that j
∗ ◦ j!∗ = idPU canonically. Also
j!∗ ◦ j∗|P!∗(U) = id canonically, because J!∗|P!∗(U) = id. Thus j
∗ and j!∗ are inverse
equivalences between P!∗(U) and PU .
From now on assume that S = Spec(k), where k is a field. For a G-orbit O ⊂ X
we set p(O) = p(x), where x is a generic point of O (this number does not depend
on the choice of x because x ∼ x′ if x, x′ are generic points of O).
Corollary 4. For F ∈ Db(CohG) the following statements are equivalent:
i) F is an irreducible object of PG.
ii) There exists a G-orbit j : O →֒ X, such that p(O) < p(x), p(O) < p(x) for
any non-generic point x ∈ O
top
, and an irreducible G-equivariant vector bundle L
on O, such that F = j!∗(L[p(O)]).
Proof (ii) ⇒ (i) is obvious from Lemma 6; let us prove (i) ⇒ (ii). Let x be
a generic point of supp(F), and Z ⊂ supp(F), Z 6∋ x be a closed (G-invariant)
subscheme. If F is irreducible, then for G ∈ PZ we have Hom(F , iZ∗(G)) = 0,
Hom(iZ∗(G),F) = 0. Thus Lemma 6 says that i∗Z(F) ∈ D
pZ ,<0, i!Z(F) ∈ D
pZ ,>0;
and i∗x(F) ∈ D
<p(x)(Ox−mod), i!x(F) ∈ D
>p(x)(Ox−mod). In particular, it follows
that Z can not contain generic points of supp(F), hence supp(F) = G(x). We also
see that if x′ is a non-generic point of supp(F), then p(x) < p(x′); indeed, otherwise
the coherent sheaf Hp(x)(F) has a nonzero fiber at x, but has zero fiber at x′, which
contradicts the Nakayama Lemma. Applying the Grothendieck-Serre duality we get
also p(x) < p(x′). In particular, for any non-generic point point x′ ∈ (supp(F))top
we have dim(x′) < dim(x) − 1 = dim(supp(F)) − 1. Then Rosenlicht’s Theorem
(see e.g. [VP]) implies that x is a generic point of an orbit O. Thus F ∈ P!∗(O),
so (ii) follows from Theorem 2.
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Corollary 5. Suppose that G acts on X with a finite number of orbits, and p is
strictly monotone and comonotone. Then the category PG is Artinian.
Proof Conditions of the Corollary imply that jO!∗ is defined for any G-orbit
jO : O →֒ X . By induction in the number of orbits one can deduce (using Corollary
2) that the irreducible objects jO!∗(L[p(O)]) ∈ P generate the triangulated category
Db(Coh). This implies that P is Artinian.
Example 1. Let G be a simple group over a field of characteristic 0 (or of large finite
characteristic), and let N ⊂ G be the subvariety of unipotent elements. Then G
acts on N by conjugation, and this action has a finite number of orbits. Moreover,
dimension of an orbit is known to be even. Thus the set N top consists of generic
points of G-orbits, and we can define the “middle perversity” by p(xO) = −
dim(O)
2
for an orbitO ⊂ N (where xO is the generic point of O). Then p is obviously strictly
monotone and comonotone, hence by Proposition 5 the kernel of the corresponding
t-structure is Artinian. See [B] for more information on this example.
Remark 4. It will be shown in [AB] that the irreducible objects of the t-structure
described in Example 1 are closely related to cohomology of (tilting) modules over
a quantum group at a root of unity. (This relation was independently conjectured
by Ostrik).
References
[AB] Arkhipov, S., Bezrukavnikov, R., Perverse sheaves on affine flags and Steinberg variety of
the Langlands dual group, in preparation.
[BBD] Beilinson A., Bernstein J., Deligne, P. Faisceaux Pervers, Aste´risque, 100.
[B] Bezrukavnikov, R., Exceptional sets and equivariant K-theory of the nilpotent cone, to appear
in alg-geom.
[D] Deligne, P., Perversite´ cohe´rente, handwritten notes.
[H] Hartshorne, R., Residues and Duality, LNM 20, Springer, 1966.
[KKLV] Knop, F., Kraft, H., Luna D.,, Vust, T., Local properties of algebraic group ac-
tions, in “Algebraische Transformationgruppen und Invariantentheorie, DMV Seminar, v. 13,
Birkha¨uhser, 63–76 (1989).
[SGA2] Grothendieck, A., Cohomologie locale des faisceaux cohe´rents et The´ore`mes de Lefshetz
locaux et globaux (SGA 2), Adv. Studies in Pure Math., 2, Paris, 1968.
[VP] Popov, V.L., Vinberg, E.B., Invariant theory, (in Russian) Algebraic geometry, 4, Itogi
Nauki i Tekhniki, VINITI, Moscow (1989) pp 137–315 (English translation in Encyclopedia of
Math. Sci. v.55).
[Su] Sumihiro, H., Equivariant completion, J. Math. Kyoto Univ., 14-1 (1974), 1–28.
